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Postinstability Behavior of a Two-Dimensional Airfoil with a
Structural Nonlinearity
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A two-dimensional airfoil with a free-play nonlinearity in pitch subject to incompressible flow has been
analyzed. The aerodynamic forces on the airfoil were evaluated using Wagner's function and the resulting
equations integrated numerically to give time histories of the airfoil motion. Regions of limit cycle oscillation
are detected for velocities well below the linear flutter boundary, and the existence of these regions is strongly
dependent on the initial conditions and properties of the airfoil. Furthermore, for small structural preloads,
narrow regions of chaotic motion are obtained, as suggested by power spectral densities, phase-plane plots, and
Poincare sections of the airfoil time histories. The existence of this chaotic motion is strongly dependent on a
number of airfoil parameters, including, mass, frequency ratio, structural damping, and preload.
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Nomenclature
semichord
linear viscous damping coefficients in heave and
pitch
heave displacement of the airfoil
moment of inertia about the elastic axis
linear structural stiffness in heave and pitch
Mlka
nonlinear structural restoring moment
restoring moment at the start of the free-play,
see Fig. 2
airfoil mass
aerodynamic force in the heave direction
nondimensional P, Pb/V2Ia
aerodynamic pitching moment
nondimensional R, Rb2/V2Ia
radius of gyration, (IJmb2)112

airfoil static moment about the elastic axis
nondimensional velocity, Vlba)a
nondimensional linear flutter velocity
freestream velocity
nondimensional distance from elastic axis to
centre of mass, Slmb
pitch rotation of the airfoil
interpolated estimate of a, see Eqs. (12)
and (13)
a at the start of the free-play, see Fig. 2
free-play angle, see Fig. 2
viscous damping ratios in heave and pitch,
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fji = airfoil/air mass ratio, m/irpb2

£ = nondimensional heave displacement hlb
r = nondimensional time, tVlb
(f> = Wagner's function
a)h, a)a = radian frequencies in heave and pitch, (/c/,/m)I/2,

(*o//.)"2

a) = frequency ratio, a>h/<x)a

Introduction

A LTHOUGH the assumptions of linear aerodynamics and
structural dynamics are often employed in the aeroelastic

analyses of aircraft, there are many examples where nonlin-
earities exist that can have a significant effect on the aero-
elastic response. An excellent review of some possible struc-
tural nonlinearities and their effect on aeroelastically induced
vibrations is given by Brietbach,1 and both structural and
aerodynamic nonlinearities are considered by Dowell and
Ilgamov.2

Structural nonlinearities may be classified as being either
distributed or concentrated. In general, distributed structural
nonlinearities only become appreciable for large amplitude
vibrations, whereas concentrated nonlinearities can have a
significant effect even for small vibrational amplitudes. One
particular concentrated nonlinearity that has received consid-
erable attention in the literature is the bilinear or free-play
spring, which is representative of, amongst other possibilities,
worn or loose control surface hinges. This can lead to limit
cycle oscillations (LCOs) for airspeeds well below the flutter
speed predicted based on a linear stiffness, an example of
such an LCO for the CF-18 aircraft is discussed by Lee and
Tron.3

A free-play nonlinearity in pitch was first considered by
Woolston et al.4 Their results, both theoretical (using an an-
alog simulation) and experimental, showed that, depending
on the initial pitch displacement, an LCO can occur for ve-
locities significantly less than the linear flutter velocity. Fur-
thermore, at a fixed airspeed the LCO could change from
being "mild" to "violent11 as the initial pitch displacement
was increased. Shen5 reanalyzed the same problem using a
"harmonic balance" or describing function method, this is
essentially the first approximation of Krylov and Bogoliubov,6

and obtained virtually the same results. However, Shen also
1395
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demonstrated that significantly different stability boundaries
were obtained depending on the amount of preload.

Mclntosh et al.7 analyzed a two-degree-of-freedom airfoil
with bilinear structural restraints in both the pitch and heave
directions. Theoretical results were obtained via numerical
simulations of the time histories, with the aerodynamic forces
being predicted from an approximation to Wagner's function.
Theory and experiment were found to agree very well in terms
of both the airspeed and frequency at the stability boundaries,
also LCOs were obtained from both the experimental and
theoretical results. In addition, in at least one case, the be-
havior of the airfoil was shown to be extremely dependent on
the initial pitch deflection—for small deflections an LCO was
obtained, while for larger deflections a divergent flutter oc-
curred.

Yang and Zhao* also considered a two-dimensional airfoil
in incompressible flow. Theoretical results were obtained us-
ing both digital simulation in the Laplace domain and har-
monic balance methods, although in both cases the aerody-
namics were obtained using Theodorsen's function, which is
strictly correct for harmonic motion only. With a bilinear
structural restraint in pitch, LCOs were obtained for airspeeds
well below the linear flutter boundary; the amplitude of os-
cillation increasing as the airspeed increased. Experimentally
it was found that with a structural free-play in the pitch di-
rection, LCOs were also obtained for airspeeds below the
linear flutter speed, and for some airspeeds two stable LCOs
of different amplitudes were detected; one mild LCO, dom-
inated by pitch motion, and a second more violent LCO with
both a higher frequency and amplitude than the milder one,
and dominated by heave motion. Unfortunately, Yang and
Zhao do not distinguish the velocity regions where one or
two LCOs occurred, or the difference in initial conditions
which led to the different LCOs.

Hauenstein et al.9*10 considered experimentally and theo-
retically a rigid wing flexibility mounted at its root with free-
play nonlinearities in both the pitch and heave directions. In
the theoretical analysis the aerodynamic forces were predicted
using an unsteady subsonic doublet lattice technique, and the
resulting equations integrated numerically. Experimentally,
time histories of both the pitch and heave displacements were
measured. An excellent agreement between theory and ex-
periment, in terms of time histories, and their spectral and
phase-plane plots, is given by Hauenstein et al. for one specific
case with free-play nonlinearities in both the pitch and heave
directions. Experimentally, divergent flutter was obtained at
an airspeed of 60 ft/s. However, a significant aeroelastic re-
sponse occurred at an airspeed as low as 35 ft/s; based on the
nonrepeatability of the phase-plane plot and the broadness
of the frequency spectra, Hauenstein et al. concluded that
this motion was chaotic. As the airspeed was further in-
creased, the aeroelastic response became more orderly, with
a single-frequency LCO occurring at 50 ft/s. However, based
on results not presented, Hauenstein et al. conclude that cha-
otic motion is not obtainable with a single root nonlinearity.
Furthermore, they state that the range of chaotic motion is
very dependent on the magnitude of the free-play region.

Recently, Tang and Dowell11 analyzed the combined flap-
pitch motion of a helicopter blade wind-tunnel model with no
rotation. The general analysis accounted for both a structural
free-play nonlinearity in pitch, and aerodynamic stall using
the ONERA model.12 However, the two simpler cases ac-
counting for either one of the two nonlinearities individually
were solved first. With the nonlinear structural model, LCOs
were obtained for velocities below the linear flutter boundary.
Furthermore, the harmonic balance method showed that for
a narrow range of velocities, two LCOs with different am-
plitudes could exist. Numerical integration of the equations
showed the possibility of chaos in this velocity range. Chaos
was also obtained for forced oscillations of the blade account-
ing for the nonlinear aerodynamics with a linear structural
model, although only for a narrow range of parameters. Con-

sidering the forced oscillation of a blade with both the non-
linear aerodynamics and free-play, it was shown that at a
particular velocity the blade response could be either periodic,
chaotic, or divergent—depending on the initial conditions.
In particular, the type of motion was very sensitive to the
initial conditions of the flapping motion.

In this article a further analysis is presented for a two-
dimensional airfoil subject to incompressible flow with a struc-
tural free-play nonlinearity in pitch. The resulting equations
are analyzed using a finite difference technique with the par-
ticular aim of examining the sensitivity of the airfoil aero-
elastic response to its initial conditions. Phase-plane maps,
Poincare sections, bifurcation diagrams, and spectral analysis
are used to investigate the possibility of chaotic behavior.
Contrary to previous published results,10 chaotic motion can
exist for a single structural nonlinearity in the pitch motion.
However, chaos is detected only for specific airfoil parameters
and is confined to small regions in the stability boundary
diagram.

Theoretical Analysis
The analysis presented in this article is very similar to that

given by Lee and Desrochers,13 and thus, only the most per-
tinent details are given. Considering the two-dimensional air-
foil, shown schematically in Fig. 1, its equations of motion
about the elastic axis may easily be obtained, e.g., Fung,14

and are given by

mh(t) + Sa(t) (1)

Sh(t) + Iaa(t) + caa(t) + M(a) = R(t). (2)

where M represents the nonlinear structural restoring moment
in the pitch direction. If the structure were linear then M
would simply be replaced by kaa. These equations may more
conveniently be written in nondimensional form, giving

(r) + xaatt(r) (r) )^ (T) = p(r) (3)

«)£" M + a"(r) + (2£a/U)af(r) + M(a)/U2 = r(r) (4)

where p(r) and r(r) are the nondimensional force and mo-
ment, respectively; M is the structural nonlinearity normal-
ized with respect to the linear torsional stiffness M/ka, w is
the frequency ratio (o^/coa, and U is the nondimensional air-
speed V/ba>a.

MID-CHORD

ELASTIC AXIS

CENTRE OF MASS/

Fig. 1 Schematic representation of the two-degree-of-freedom airfoil.
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Fig. 2 Structural nonlinearity in the pitch sense.

For incompressible flow/7(r) and r(r) may be obtained (see,
e.g., Fung14) for any arbitrary motion in terms of the airfoil
initial conditions and Wagner's function, <£(T), giving

- <r)[a'(cr) "(a)] dcrl (5)

dcr

(6)

where ~cTh = (i - a/,), </>(r) = I — ae~br — ce~
= 0.165, 6 = 0.0455, c = 0.335, and d = 0.3.

The specific structural nonlinearity considered in this article
is a free-play in the pitch direction with preload, and is shown
schematically in Fig. 2. Using the notation given in Fig. 2,
M(a) is given by

a — af + M0 for a < af
M0 for af < a < ay + 6 (7)
a: - ay- - 8 + M0 for af + d < a

To solve the above equations, Houbolt's finite difference
method15 is employed. This has been shown to be more ef-
ficient than higher order finite difference schemes, yet still
have good accuracy.16 The derivatives at time T + AT are
replaced by backward difference formulas using values at three
previous times. For example

a"(T + AT) = [2a(r + AT) - 5a(r) + 4a(r

- a(r - 2AT)]/AT2

AT)

(8)

a'(r + AT) = [lla(r + AT) - 18a(r) + 9a(r - AT)

- 2a(T - 2AT)]/6AT (9)

and similarly for £"(T + AT) and f'(T + AT). Hence, in dif-
ference form, Eqs. (3) and (4) can be expressed, after con-
siderable algebra, as

Pua(r + AT) + Pl2£(r + AT) = X, (10)

[P,i + U~2Mp]a(r + AT) + P22£(r + AT) = X2 - MJU2

(11)

In Eq. (11) M(a) has been replaced by Mpa(r + AT) +
where

1 for d < (
0 otherwise

and ay + d < a

Ma is given by

M0 - a,
= \ M0 for

for a < oLr
af < a. < a. +

(12)

(13)
M0 — af — for + 8 < a

and d is an estimate of a that is obtained by linear extrap-
olation from T to T + AT. The terms Pn, PI2, P2\, ^22, X\->
and X2 are given in the Appendix. Solution of the above
equation yields the values of a and £ at time T + AT.

As shown in Eqs. (5) and (6), the aerodynamic forces and
moments depend upon terms that include Jo </>(T — a) dcr,
these were evaluated numerically using Simpson's rule. This
numerical integration is automatically evaluated via the P and
X expressions given in the Appendix.

Houbolt's finite difference scheme requires values of a. and
£ at times T - 2AT, T - AT, and T in order to determine the
respective values at T + AT. Hence, at time T = 0, a starting
procedure is required to give the values of a and £ at times
T - 2AT and T - AT; this is outlined below.

Using Taylor's series the following can be written:

a(-Ar) = a(0) - Ara'(O) + AT2/2a"(0) + C(Ar3) (14)

and similarly for a', a", and £. Hence, given the initial con-
ditions and Eq. (14), appropriate values of a and f at -2AT
and -AT can be evaluated.

Results and Discussion
Numerical simulations of the airfoil heave and pitching re-

sponse have been obtained for a number of different com-
binations of the following parameters: amount of free-play,
6; preload, ay and M0; initial conditions of the airfoil, a(0),
<*'(0), £(0), and f '(0); frequency ratio, o> = co^/co^ IJL = ml
7rp62; and structural damping, fa and ^. Only a sample of
the results obtained will be presented here, and all are for
zero structural damping.

U* was first obtained by removing the free-play and then
increasing U until divergent oscillations of a and £ were ob-
tained. This was also checked using a standard U-g analysis,
which to some extent verified the numerical finite difference
method employed in the nonlinear calculations. In all cases
the air speed U is presented, normalized with respect to U*.

Results with a Preload
Detailed simulations were first done for the following set

of parameters: d> - 0.2, ju, = 100, ay = 0.25 deg, 8 = 0.5
deg, and M() = 0.25 deg; note, as shown in Fig. 2, because
of the manner in which the structural nonlinearity has been
normalized, M0 has the same units as a or d. As U was in-
creased for a fixed a(0), with o-'(O) = f(0) = f'(°) = 0
convergent stable motion was followed by LCOs and then
divergent flutter at U = U*. However, for some values of
<*(0), as U was increased, LCOs were followed by stable mo-
tion, then LCOs again, and finally divergent flutter. For ex-
ample, at a(0) = 7.5 deg, the results in Fig. 3 show time
histories of the pitch displacement during the first set of LCOs,
during the intermediate stable region, and finally during the
second set of LCOs.

Similar time histories were computed for a wide range of
a(0) and a map showing the types of airfoil motion is pre-
sented in Fig. 4. As shown, "islands" of LCOs exist for U
below the main boundary of LCOs—only the main islands
of LCOs are shown in Fig. 4, in addition, some very small
regions of LCO motion were observed between the islands
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a)

b)

1500 2000

C) Nondimensional time (r)
Fig. 3 Time history of pitch angle of the airfoil, <o = 0.2, fi = 100,
<xf - 0.25 deg, d = 0.5 deg, M0 = 0.25 deg, a(0) = 7.5 deg, «'(0)
= f(0) = £'(0) = 0: a) U/U* = 0.763, b) U/U* = 0.80, and c)
U/U* = 0.826.

Fig. 4 Stability boundary for the airfoil as a function of initial pitch
rotation, c* = 0.2, /n = 100, af = 0.25 deg, 8 = 0.5 deg, M0 =
0.25 deg, tt'(O) = £(0) = £'(0) = 0.

and the main boundary of LCO motion. The existence of
these islands was very dependent on the free-play and preload
conditions, e.g., with M0 = a0 — 3 = 0.5 deg no islands were
obtained.

Power spectral densities (PSDs) of the time traces were also
obtained, and typical examples are shown in Fig. 5. In Fig.
5a the pitching motion in one of the LCO islands, at U/U*
= 0.79, is presented, the motion is dominated by two fre-
quencies at 0.335coa and 0.67wa—although there are a number
of other very distinct frequency peaks in the spectrum, their
amplitudes are small compared to the fundamental and first

Q>

"1
£ -80CL

I*
~0 -120

a)
0 0.02 0.04 0.06 0.08 0,1 0.12 0.14 0.16 0.18 0.2

Nondimensional frequency (f b/V)

"160o 002 ao4 o.06 aos ai an ai4 ai6 ais 02
b) Nondimensional frequency (f b/V)

Fig. 5 Power spectral densities of the pitch rotation of the airfoil,
c* = 0.2, fji = 100, ctf = 0.25 deg, 8 = 0.5 deg, M0 = 0.25 deg,
«0 = 7.5 deg: a) 17/17* = 0.79 and b) £7/17* = 0.85.

10

"D
v_x

s~\o

-5

-10
0.70 0.75 0.80 0.85 .0.90

U/U

Fig. 6 Stability boundary for the airfoil as a function of initial pitch
rotation, a> = 0.2, p = 100, af = 0.25 deg, 8 = 0.5 deg, M() =
0.25 deg, tt'(O) = 0.229fc/V deg/s, f (0) = f '(0) = 0.

harmonic. The heave motion (not shown) has one significant
peak only, at a frequency of 0.34o>a. In the main region of
the LCO motion both the pitch and heave motion have only
one dominant frequency, e.g., at U/U* = 0.85 both the heave
and pitching motion frequencies are 0.48 o>a, see Fig. 5b for
the pitch motion.

At first the existence of these islands of LCO motion was
a little perplexing, and indeed there was some concern over
whether these islands really existed or whether they were due
to convergence not being achieved in the numerical integra-
tion. However, some very long time integrations confirmed
the existence of these islands. Furthermore, their origin be-
comes more apparent when it is realized that Fig. 4 represents
only a two-dimensional section through the five-dimensional
boundary between stable oscillations and LCO motions; the
five dimensions being £/, a(0), a'(0), £(0), and g'(Q). A similar
two-dimensional section to that shown in Fig. 4 but, with a'(0)
= 0.2296/y deg/s is shown in Fig. 6. Once again islands of
LCO motion are obtained below the main LCO boundary,
but the shape of both these islands and the main boundary
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Fig. 7 Stability boundary for the airfoil as a function of «(0) and
a'(0) for constant velocity, c* = 0.2, ft = 100, af = 0.25 deg, 6 =
0.5 deg, M0 = 0.25 deg, £(0) = £'(0) = 0, U/U* = 0.83.

1.0 i

0.0
1000 2000 3000

Nondimensionol time (r)
4000

Fig. 8 Time history of airfoil pitch motion, U/U* = 0.3, w = 0.2,
H = 100, ctf = 0.25 deg, 8 = 0.5 deg, M0 = 0.0 deg, a(0) = 7.0
deg, tt'(O) = f(0) = f'(0) = 0.

are very different to that shown in Fig. 4. One common feature
between the results of Figs. 4 and 6 (and many others not
shown here) is the multitude of small islands of LCO motion
for 0.79 < U/U* < 0.84, approximately. The reason for the
large number of these small islands can be seen if a different
two-dimensional section through the five-dimensional bound-
ary is taken, showing the stability boundary as a function of
a(0) and a'(0) for constant £(0), f'(°) and U. Such a set of
results is presented in Fig. 7 for U/U* = 0.83, showing a very
complex boundary between LCO and stable motion. Indeed,
based on the totality of results obtained, it can be concluded
that the five-dimensional boundary is in fact a continuous
geometric shape with a number of protuberances that spiral
out from the main body; furthermore, the apparent islands
that appear in Figs. 4 and 6 are due to taking two-dimensional
sections through this five-dimensional body.

A further significant point to note from the results with
preload can be seen from Fig. 4. The equilibrium position
(a = f = 0.0) is stable for all values of £/.< U*\ hence, the
instability at U = U* is, using the terminology of nonlinear
dynamics, a subcritical Hopf bifurcation. Hence, it is apparent
that for If < 17*, there must also be an unstable limit cycle
between the stable focus and the stable limit cycle.

Results with No Preload
A second example for which extensive numerical simula-

tions were done was for d> = 0.2, jti = 100, af = 0.25 deg,
8 = 0.5 deg, and M() = 0.0 deg; note this differs from the
previous example only in the value of M(). For this set of
parameters it was found that for some velocities below the
linear flutter speed, no matter how long the simulation was
allowed to run, the time histories never reached a steady-state
condition; see, e.g., Fig. 8. It was suspected that this may

QL
E
O

O

Q_ -258

Nondimensional frequency (f b/V)

Fig. 9 Power spectral density of the airfoil pitch motion, U/U* =
0.3, a> = 0.2, M = 100, af = 0.25 deg, 8 = 0.5 deg, M0 = 0.0 deg,
a(0) = 7.0 deg, a'(0) = f (0) = f'(0) = 0.

a)
0.2 0.4 0.6 0.8

Pitch angle, a (deg)

3 -0.05o>

b)
0.5 0.6 0.7 0.8 0.9

Pitch angle, a (deg)

Fig. 10 a) Phase-plane and b) Poincare section (for £ = 0 and £ >
-0.02); 17/17* = 0.3, c* = 0.2, jt = 100, af = 0.25 deg, 8 = 0.5
deg, M0 = 0.0 deg, a(0) = 7.0 deg, a'(0) = £(0) = |'(0) = 0.

indicate chaos, and this was investigated initially by forming
PSDs of the time traces, a typical example of which is shown
in Fig. 9. When this PSD is compared with those of Fig. 5 it
is clear that it is much more broadband with significantly less
dominant frequency peaks; this is typical of chaotic motion.17

To add further evidence to the the existence of chaos, phase-
plane plots and Poincare sections were obtained; typical ex-
amples of which are shown in Fig. 10, for the data of Figs. 8
and 9. The phase-plane section shown in Fig. lOa is typical
of a "two-well potential" and is indicative of chaos. This is
very similar to the phase-plane plot obtained by Tang and
Dowell11 for their analysis with a free-play nonlinearity. The
Poincare section shown in Fig. lOb has a very distinct structure
that lends further evidence to the existence of chaotic motion;
this is in contrast to the results of Tang and Dowell where
the Poincare section was fairly random and showed no distinct
structure. Although the results presented in this section can-
not be said to conclusively prove the motion to be chaotic,
the time histories, PSDs, phase-plane section, and Poincare
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Fig. 11 Bifurcation diagram showing a for a' = 0; w = 0.2,
fjL = 100, af = 0.25 deg, 8 = 0.5 deg, M0 = 0.0 deg, a(0) = 7.0
deg, a'(0) = f(0) = £'(0) = 0.

*
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_ . Period two
- Period four — ______>___^

- Period four — Chaos^-*-*" I

Chaos
- Period two——— —— ' Period one
! Damped oscillations '.
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In i t ia l pitch angle, a(0) (deg)

Fig. 12 Approximate stability boundaries for the airfoil as a function
of initial pitch rotation, a> = 0.2, p = 100, af = 0.25 deg, 5 = 0.5
deg, M0 = 0.0 deg.

sections are all strongly indicative of the existence of chaos,
and thus, it is reasonable to conclude that the motion is indeed
chaotic. Ideally, the Lyapunov exponents should be calculated
to conclusively establish the existence of chaos; however, be-
cause of the nonanalytic nature of the free-play nonlinearity
there are problems that prevent this from being done with
any certainty. However, the authors18 recently conducted a
very similar analysis to that presented here, but for a cubic
nonlinearity. Very similar results were obtained, but because
of the analytic nature of the cubic nonlinearity it was possible
to determine the complete Lyapunov spectrum, and it was
found that one Lyapunov exponent was positive, proving the
existence of chaos. Thus, almost certainly the results pre-
sented here are also chaotic.

Numerous simulations of the type discussed above were
completed, over a wide range of velocities, to determine the
range of this chaotic motion; these are best illustrated via a
bifurcation diagram as shown in Fig. 11. This diagram shows,
as a function of U/U*, the value of a when a' = 0. The
significance of the bifurcation diagram is as follows. If at a
particular U the system is stable, then a single point is ob-
tained, e.g., U/U* < 0.13, approximately. If the motion is
an LCO with one frequency, then two points are obtained
(0.14 < U/U* < 0.22, approximately), and an LCO with two
frequencies gives four points, etc. However, for some veloc-
ities a large number of points are obtained (giving what ap-
pears to be almost a vertical line on the bifurcation diagram)
indicating chaos; examples of this can be seen in Fig. 11 for
0.29 < U/U* ^ 0.33, approximately. The bifurcation diagram
shown in Fig. 11 suggests that the route to chaos is via "period-
doubling." This is much more apparent if the control param-
eter is taken as 1 - U/U* rather than U/U*, showing that as
velocity is decreased from the divergent flutter boundary there

is a large region of period-one motion followed by period-
two and period-four motion, and finally chaos.

Using a large number of bifurcation diagrams for different
initial values of a(0), a map showing the boundaries of the
different types of motion was obtained and is presented in
Fig. 12. It is apparent that the initial value of a(0) has much
less effect in this case than that obtained with preload, as
suggested by Figs. 4 and 6. Unfortunately, the effect of chang-
ing a'(0), £(0), or f '(0) has not been investigated extensively,
and thus, it is not possible to say how the regions of chaotic
motion are affected by these parameters.

Conclusions
For a two-degree-of-freedom airfoil with a stuctural free-

play nonlinearity in pitch, LCOs are obtained for velocities
well below the linear flutter boundary. The existence of LCO
motion at a particular velocity is strongly dependent on the
initial conditions of the airfoil, and the basin of attraction of
LCO motion is a very complex five-dimensional shape. If a
two-dimensional section is taken through this boundary then
it appears that islands of LCOs can exist for velocities below
the main boundary of LCO motion. However, these islands
are in fact not separate from the main boundary.

Chaotic motion can also exist for velocities below the flutter
velocity, although the existence of this chaotic motion is strongly
dependent on a number of parameters, specifically preload,
frequency ratio, and airfoil/air mass ratio. For example, con-
sidering preload, chaos was obtained with M0 = ±0.05 deg,
but not with MQ = 0.25 deg. Similarly, although chaos was
obtained with co = 0.2, it was not obtained with a> = 0.6
or 0.667, which could explain why Hauenstein et al.10 did not
obtain chaos with a single nonlinearity in their experiments
with a frequency ratio of 0.667. Also, an increase in ju from
100 to 150 significantly increased the velocity range over which
chaotic vibrations occurred, while reducing /*, to 50 reduced
this range. The effect of structural damping on the existence
of this chaotic motion has also been investigated, although
the results obtained are somewhat contradictory. For exam-
ple, adding 1% of critical damping in pitch increases the re-
gion over which chaotic motion occurs, while adding 1% crit-
ical damping in heave reduces the region of chaotic motion.

Appendix: Coefficients in Eqs. (10) and (11)
The coefficients Pu, P12, P21, and P22 in Eqs. (10) and (11)

are as follows:
Pu = 2c2/Ar2 4- llc4/(6Ar) + c6

P12 - 2c,/Ar2 + llc3/(6Ar) + c5

P2l = 2^/Ar2 + ll£/4/(6Ar) + d*

P22 = 2d,/Ar2 + ll

where the c, and d{ terms are given by

c4 = 2lah - j(a

c6 = 2///I

dl = [xa - ahlfji + iAr(fl + c)(i

d2 = 1 + [* + al + !Ar(fl + c)ah({

d3 = -2/(i-fl,)/Gnii)

d4 = 2(JU + [ah - 2/fl,,(i + ah) + }Ar(fl +
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The terms X{ and X2 in Eqs. (10) and (11) are as follows:

X\ = xi\a(T) + x[3a(r — AT) + xl5a(r - 2Ar)

+ *12£(r) + xl4f(r - AT) + *16f(r - 2AT) + *17

^2 = X2\a(r) + *23a(T ~ AT) + X25a(r — 2 AT)

+ *22f M + ̂ (T - AT) + x26£(r - 2&r) + x27

where the jc/7 terms are

xn = 5c2/AT2 4- 18c4/(6AT)

JCP = 5c,/AT2 + 18c,/(6Ar)
;c13 - -4c2/AT2 - 9c4/(6AT)

;c14 = -4c t/AT2 - 9c3/(6Ar)

xl5 = c2/AT2 + 2c4/(6AT)

jc,6 - c t/AT2 + 2c3/(6Ar)

xl7 = 2[L() - alh(r + AT) - cld(r + AT)

- *i7aA(r) + *17bA(T - AT) - x17c

jc21 = 5d2/AT2 + 18

jc22 = Sdj/Ar2 + l&/3/(6AT)

;c24 = -4^, /AT2 - 9£/3/(6Ar)

2</3/(6Ar)

where

jc17a

jc17b

jc17c

/,,(T + AT) - *-*M/*(7) + iAT[9A(T)

+ 19A(T - AT>-"AT - 5A(T -

+ A(T - 3AT)e-3^]}

UT 4- AT) = e-^{Id(r) +

+ 19A(T - Ar>-dAT - 5A(T -

+ A(T - 3AT)e-3</AT]}

A(T) = T(T) + flXW + «'(T)

a'(r + AT) = (l/6AT)[lla(r + AT) - 18a(r)

+ 9a(T - AT) - 2a(T - 2Ar)]

a"(r + AT) = (l/AT2)[2a(T + AT) - 5a(r)

+ 4a(T - AT) - a(r - 2Ar)]

f"(T + AT) = (l/AT2)[2f(T 4- AT) - 5f(r)

4- 4f (T - AT) - f(T - 2Ar)]
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